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The use of positive-definite determinants of Fourier
coefficients (Herglotz, 1911) for the phase determination
has been extensively discussed by Karle & Hauptman
(1950). Under a modified form of the Herglotz theorem,
Pepinsky & MacGillavry (1951) have shown that the
effectiveness of inequalities following from a known
maximum value of the electron density is of little value.
However, if we know the electron-density distribution
in parts of the unit cell, useful relations may be obtained
from the Herglotz theorem. For example, if the space
group has a mirror plane at z = } and £, and if no atom
is on the mirror plane, then the maximum possible value
@ of the electron density o(z, y, ; or §) may be small
enough such that

|QV —F(000)| < F(000), (1)

where V is volume of the unit cell. From the positive-
definite determinant of order two, we have

IQV—F(000)] = X' (—1)"F(Rkl), (2)
I=2n
for any h and k combination, n taking all positive and

negative integral values. From the determinant of order
three, we have

3 (= 1)"F (hkl))? 3 3 F (2h,2k,21)
i=2n 1
= < -
{ QV —F(000) }—%+ QV—F(000) °’ 3
for a centrosymmetric structure. For example,

S (=1)*F(2,4,l) and 3 F(4,8,2l) may be compared
t=2n i

using (3). As seen from (3), other inequalities can be
easily obtained from determinants of higher order by
the method described by Karle & Hauptman (1950);
namely, in their inequalities, replace F(000) by
{QV—F(000)| and F(000) and F(kkl) by the summation
form. These modified inequalities are effective for the
phase determination in cases where some of the phases
of F(kkl) are known by other methods or only a few
relatively strong reflections are observed in a reciprocal
zone. If no chemical bonding occurs across the mirror
plane, @V —F(000) may be small enough to make the
inequalities more effective. This method may be combined
with the one discussed by Tesche (1953).

* Contribution No. 512. Work was performed in the Ames
Laboratory of the U.S. Atomic Energy Commission.

It is also possible to derive a set of inequalities from a
known minimum or maximum value of the curvature of
the Fourier peaks in the unit cell. But it is found that
these inequalities would not be of great help in phase
determination except in very special cases. However, the
following may be worth while to note here.

The curvature with respect to the z axis in an orthog-
onal system is

%0(x, ¥, 2) 1
a_=" v = 252
a o 7 23,‘4:1 h3F (hEl)
(hx | Ry | I2\)

Xexp{—2m<—(-z-+g+;>j. (4)
If the temperature factor is known, the minimum possible
value of the curvature may be estimated (Atoji, 1957),
namely, it is possible to find a positive value I so that

|a%?(x, y, 2)/0x%| < R . (5)

The positive-definite determinant of order two for (4)
gives
VR/4n?h? > |F (hEl)| . (6)

Then, we may correlate the minimum possible value of
R and the maximum possible value of F(hkl). The other
inequalities based on (5) are, in almost any case, very
insensitive to the phase of the structure factor. However,
if many like atoms are overlapped in projection so as to
reduce B considerably, then these inequalities may be of
value in phase determination. A similar discussion of
equations (1)-(3) can also be extended to the curvature,
provided that R in a plane or region of the electron-
density map is known to be very small.

The author wishes to express his thanks to Prof.
R. E. Rundle for his kind interest.
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